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Abstract. An aiEne Hecke algebras can be realized as an equi- 
variant K-group of the corresponding Steinberg variety. This gives 
rise naturally to some two-sided ideals of the afhne Hecke algebra 
by means of the closures of nilpotent orbits of the corresponding 
Lie algebra. In this paper we will show that the two-sided ideals 
are in fact the two-sided ideals of the afhne Hecke algebra defined 
through two-sided cells of the corresponding afhne Weyl group af- 
ter the two-sided ideals are tensored by Q. This proves a weak 
form of a conjecture of Ginzburg proposed in 1987. 



0. Introduction 

Let H be an affine Hecke algebra over the ring Z[f,f~^] of Lau- 
rent polynomials in an indeterminate v with integer coefficients. The 
affine Hecke algebra has a Kazhdan-Lusztig basis. The basis has many 
remarkable properties and play an important role in representation 
theory. Also, Kazhdan-Lusztig and Ginzburg give a geometric realiza- 
tion of if, which is the key of Kazhdan-Lusztig's proof for Deligne- 
Langlands conjecture on classification of irreducible modules of affine 
Hecke algebras over C at non-root of 1. This geometric construction of 
H has some two-sided ideals defined naturally by means of the nilpo- 
tent variety of the corresponding Lie algebra. The two-sided ideals form 
a nice filtration of the affine Hecke algebra. In [G2] Ginzburg conjec- 
tured that the two-sided ideals are in fact the two-sided ideals of the 
affine Hecke algebra defined through two-sided cells of the correspond- 
ing affine Weyl group, see also [L5, T2]. The conjecture is known to be 
true for the trivial nilpotent orbit {0} (see Corollary 8.13 in [L5] and 
Theorem 7.4 in [XI]) and for type A [TX]. Other evidence is showed 
in [L5, Corollary 9.13]. We will prove the two kinds of two-sided ideals 
coincide after they are tensored by Q (see Theorem 1.5 in section 1 ). 
This proves a weak form of Ginzburg's conjecture. 
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1. Affine Hecke algebra 

1.1. Let G be a simply connected simple algebraic group over the 
complex number field C. The Weyl group Wq acts naturally on the 
character group X of a maximal tours of G. The semidirect product 
W — Wo K X with respect to the action is called an (extended) affine 
Weyl group. Let H be the associated Hecke algebra over the ring 
A = Z[f , v^^] {v an indeterminate) with parameter f ^. Thus H has an 
.A-basis {T^ | w e W} and its multiplication is defined by the relations 
{Tg — v^){Ts + 1) = if s is a simple reflection and Ty^T^ — Ty^u if 
l{wu) — l{w) + l{u), here I is the length function of W. 

1.2. Let Q be the Lie algebra of G, Af the nilpotent cone of g and 
B the variety of all Borel subalgebras of Q. The Steinberg variety Z 
is the subvariety of x B x B consisting of all triples (n, b,b'), n G 
bnW nj\f, b,b' e B. Let A = {{n,b) \ n e M n b,b e B] be the 
cotangent bundle of B. Clearly Z can be regarded as a subvariety of 
A X A by the imbedding Z — > A x A, (n, b, b') ^ (n, b, n, b'). Deflne 
a G X G*-action on A by {g.,z) : (n, b) — >• {z~'^ad{g)n, ad{g)b). Let 
G X C* acts on A X A diagonally, then Z is a G x G*-stable subvariety 
of A X A. For 1 < i < j < 3, let pij be the projection from A x A x A to 
its (i, j)-factor. Note that the restriction of pi3 gives rise to a proper 
morphismp^2^(Z)np23^(Z) ^ Z. Let K^^'^^Z) = K^'^'^^AxA; Z) be 
the Grothendieck group of the category of G x C*-equivariant coherent 
sheaves on A x A with support in Z. We define the convolution product 

* : X^^^*(Z) X K^''^\Z) X^^^*(Z), 

where CaxAxA is the structure sheaf of A x A x A. This endows with 
K^^'^* [Z) an associative algebra structure over the representation ring 
RgxC* of G X C*. We shall regard the indeterminate v as the repre- 
sentation G X C* — >• C*, {g,z) z. Then RqxC* is identified with 
A®z Rg- In particular, K^^'^* (Z) is an .A-algebra. Moreover, as A- 
algebras, K^^'^* [Z) is isomorphic to the Hecke algebra H, see [Gl, 
KL2] or [GG, L5]. We shaU identify K^""^' {Z) with H. 

1.3. Let C and C be two G-orbits in N. We say that C < C if C 
is in the closure of C . This defines a partial order on the set of G- 
orbits in M . Given a locally closed G-stable subvariety of jV, we set 
Zy = {(n,b,b') eZ \ neY}. 

If Y is closed, then the inclusion iy : Zy — > Z induces a map 
[iy),. ■ K^'''^'{Zy) -> K^^'^^Z) (see [Gl, KL2]). The image Hy 
of {iy)* is in fact a two-sided ideal of K'^^'^ (Z) (see [L5, Gorollary 
9.13]), which is generated by G x C*-equivariant sheaves supported 
on Zy. It is conjectured that this ideal is spanned by elements in a 
Kazhdan-Lusztig basis (see [G2, L5, T2]). 
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1.4. Let Cw = v^''^^^ "^y^w ■Py,wiv'^)Ty, where Py^^, are the Kazhdan- 
Lusztig polynomials. Then the elements Cw{ w e W) form an .A-basis 
of H, called a Kazhdan-Lusztig basis of H. Define w < u ii ^ 

LR 

in the expression hCuh' = ^^g^y dzCz {dz ^ ^) for some h, h' in H. 
This defines a preorder on W. The corresponding equivalence classes 
are called two-sided cells and the preorder gives rise to a partial order 
< on the set of two-sided cells of W. (See [KLl].) For an element w 

LR 

in W and a two-sided cell c of we shall write ty < c if w < u for 

LR LR 

some (eqTiivalcnt to for any) u in c. 

Lusztig established a bijection between the set of G-orbits in J\f and 
the set of two-sided cells of W (see [L4, Theorem 4.8]). Lusztig's bijec- 
tion preserves the partial orders we have defined, this was conjectured 
by Lusztig and verified by Bezrukavnikov (see [B, Theorem 4 (b)]). 
Perhaps this bijection is at the heart of the theory of cells in afiine 
Weyl groups, many deep results are related to it. Now we can state 
the main result of this paper. 

Theorem 1.5. Let C be a G-orbit in J\f and c the two-sided cell of 
W corresponding to C under Lusztig's bijection. Then the elements 
Cw < c) form a Q[v, v~^]-basis of <8)z Q, where C denotes the 

LR 

closure of C and Hq is the image of the map (ij)* : K^^'^* (Z^) — > 

2. Proof of the theorem 

2.1. Before proving the theorem we need recall some results about 
representations of an affine Hecke algebra. Let H = C[f,f~^] H 
and for any nonzero complex number q we set = H (S>c[?),d-i] 
where C is regarded as a C[v, ^"^j-algebra by specializing w to a square 
root of q. 

For any G-stable locally closed subvariety YofAfwc set K"-^^*^* (Zy) = 
j^GxC* (^Zy) ® C. If y is closed, then the inclusion iy : Zy — > Z in- 
duces an injective map (iy)* : K'^''^*(Zy) ^ 'K^'^'^* {Z) = H. If F is 
a closed subset of M, we shall identify KP^'^* [Zy] with the image of 
{iy)*, which is a two-sided ideal of H. See [KL2, 5.3] or [L5, Corollary 
9.13]. 

Let s be a semisimple clement of G and n a nilpotcnt clement in M 
such that ad(s)n = qn, where q is in C*. Let ^B* be the subvariety of B 
consisting of the Borel subalgebras containing n and fixed by s. Then 
the component group A(s, n) = Cg{s, n) / Cg(s, n)° of the simultaneous 
centralizer in G of s and n acts on the total complex homology group 
H^{B^). Let p be a representation of A{s,n) appearing in the space 
H*(B^). It is known that if ^^gvvo ^ then the isomorphism 

classes of irreducible representations of is one to one corresponding 
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to the G-conjugacy classes of all the triples {s,n,p), where s G G is 
semisimple, n E J\f satisfying ad(s)n = qn and p is an irreducible 
representation of A{s,n) appearing in H^{B^). See [KL2, X3]. 

2.2. From now on we assume that q is not a root of 1. Let Lq{s, n, p) be 
an irreducible representation of corresponding to the triple (s, n, p). 
Kazhdan and Lusztig constructed a standard module M(s, n, q, p) of 

such that Lq{s,n,p) is the unique simple quotient of M{s,n,q, p) 
(see [KL2, 5.12 (b) and Theorem 7.12]). We shall write Mq{s,n,p) for 
M{s, n, q, p). The following simple fact will be needed. 

(a) Let C be a G-orbit in M . Then the image i^j of {ic)* acts on 
Mg{s, n, p) and Lq[s, n, p) by zero if n is not in C. 

Proof. Clearly Y — C\J {G.n — G.n) is closed. If n is not in C, then 
the complement in X = C U 'Gm of Y is G.n. Recall that K.^""^* {Zy) 
is regarded as a two-sided ideal of H for any closed subset Y' of M (see 
2.1). According to [KL2, 5.3 (c), (d) and (e)], the inclusions i : Y X 
and j : G.n ^ X induce an exact sequence of H-bimodules 

^ K^xC*(Zy) ^ K^>^^*(Zx) ^ K^^'^*(ZG.n) 0. 

Using [KL2, 5.3 (e)] we know the inclusion k : C ^ Y induces an 
injective H-bimodule homomorphism : K.^^^* (Z^) K.^^^* {Zy). 
Since Mq{s,n,p) is a quotient module of K.'^^'^' {Za.n) (cf- proof of 
5.13 in [KL2]), the statement (a) then follows from the exact sequence 
above. 

2.3. Let Jc be the based ring of a two-sided cell c of W ^ which has 
a Z-basis {tyj \w G c}. Let Dc be the set of distinguished involutions 
in c. For x,y eW, we write C^^Cy = Y.zew f^^,y,^'^^^ ^^,y,^ ^ The 
map 

deDc 

uew 

a{d)=a{u) 

defines an ^-algebra homomorphism H ^ ®i A, where a : — N 
is the a-function defined in [LI]. The homomorphism tp^ induces a C- 
algebra homomorphism ipc,q '■ — J^. = Jc^zC. If is a Jc-module, 
through (/?c,5, E gets an H^-module structure, which will be denoted by 
Eq. See [L2, L3]. 

Let C be the nilpotent orbit corresponding to c. According to [L4, 
Theorems 4.2 and 4.8], the map E ^ Eq defines a bijection between the 
isomorphism classes of simple Jc-modules and the isomorphism classes 
of standard modules Mq{s,n,p) with n in C. 

Now we start to prove Theorem 1.5. 

2.4. We first show that is contained in the two-sided ideal H-'^ 
spanned by all Cw {w < c). 

LR 
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Let C = G.n and recall that stands for the image of {ic)* '■ 
KGxC*(^Zc) K^''^*{Z) = H. If He was not contained in the A- 
submodule H-'^ of H, we could find x e W such that x ^ c and 

LR 

appears in Hq. (We say that Cx appears in Hq if there exists an element 
"Yliw&w ^wCw (O'w £ A) in He such that Ux ^ 0.) Choose x & W such 
that Cx appears in Hg and x is highest with respect to the preorder 
< and to He in the following sense: whenever appears in H^. then 

LR 

either w and x are in the same two-sided cell or a; ^ w. Let c' be the 

LR 

two-sided cell containing x. We then have c' ^ c. 

LR 

Choose an element h — ^y^^^y dwCw {(^w ^ -A) in Hq such that 
he' = Ylw€c' (^wCw is nonzero. Then we have ipc'{h) = Lpc>{hc'). 

We claim that ipc'{hc') is nonzero. Let m e c' be such that has the 
highest degree (as a Laurent polynomial in v) among all Quj, w G c'. 
Let d be the distinguished involution such that d and u are in the same 
left cell. Then we know that for any distinguished involution d', the 
degree hw^d',u is less than the degree of hu4,u if either w ^ u oi d' ^ d 
(see [L2, Theorems 1.8 and LIO]). Thus the degree of awhw,d',u is less 
than the degree of auhu^^u if either w ^ u or d' ^ d. Hence (pc'ih'c) is 
nonzero. 

Clearly, there are only finitely many q such that ^c',q{hc') is zero 
after specializing w to a square root of q. According to Theorem 4 in 
[BO], the ring J^/ is semisimple, that is, its Jacobson radical is zero. 
So we can find a nonzero g in C with infinite order and a simple Jc' 
module E' such that (fc\q{h) — (pc',q{hc') is nonzero and acts on E' is 
not by zero. 

According to [L4, Theorems 4.2 and 4.8], E'^ is isomorphic to certain 
standard module Mg{s',n',p) with n' in the nilpotent orbit C corre- 
sponding to c'. Since c' ^ c, C is not in the closure of C (see [B, 

LR 

Theorem 4 (b)]), by 2.2 (a), the image Hq of (i^)* acts on E'^ by zero. 
This contradicts that (pc'.q{h) acts on E' is not by 0. Therefore Hq is 
contained in the two-sided ideal H-'^. 

2.5. In this subsection all tensor products are over Z except other 

specifications are given. 

Now we show that H-'^ ® Q is equal to H^ ® Q. If C is regular, then 
C is the whole nilpotent cone and the corresponding two-sided cell c 
contains the neutral element e, in this case, both H^ and H-^ are the 
whole Hecke algebra. 

We use induction on the partial order < in the set of all two-sided 

LR 

cells of W . Assume that for all c' with c < c' and c' ^ c, we have 

LR 

Hq, <SiQ — H-"^' (g) Q, where C is the nilpotent orbit corresponding to 
d. 
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We need to show Q = H-'^ (g) Q. Let c' be a two-sided cell 
different from c such that c < c' but there is no two-sided cell c" 

LR 

between c and c', i.e. no c" such that c < c" < c' and c ^ c" d . 

LR LR 

Let F be an algebraic closure of C(f). We first show that '¥®j^Hq = 
¥ ®^ H-'^. Assume this was not true. Note that F is isomorphic to 
C (non-canonically ) , so we can apply the results in [KL2]. By 2.4 and 
induction hypothesis, there would exist w G c such that is contained 
in F ®_4 Hq, but not in F H^^. By the choice of C, we know that 
F ®_4 i^c'_c' is the sum of F ®^ Hq and F 0^ Hq„ for some nilpotcnt 
orbits C" with C % C" and C" 1 C (see [KL2, 5.3(e)]). Since C g C", 
by [B, Theorem 4 (b)] we know that is not in H-"^" , where c" is 
the two-sided cell corresponding to C" . By 2.4 we see that F 0^ H^n 
does not contain Cw Thus the image in Mc = F (8)_4 K'-^^'^* (Zc) = 
F H^,/¥ ®_4 i^c'-c of is nonzero. According to [KL2, Corollary 
5.9], each nonzero element in F (8)^ i^j' \ F (8)_4 i^c'-c ^-cts on Mc by 
nonzero. The argument for [KL2, Proposition 5.13] implies that each 
nonzero element in Mc would have nonzero image in some standard 
quotient module of M^. Thus acts on some standard quotient 
module My2(s, n', p) of Mqi by nonzero, where n' e C . 

The homomorphism </7c' (see 2.3 for definition) induces a homomor- 
phism (pc',v'^ '■ IF ®A H ® J^'. According to [L4, Theorems 4.2 and 
4.8], My2 (s, n', p) is isomorphic to certain E^2 (defined similar to the Eq 
in 2.3) for some simple F ® Jg'-module E. Note that hw^d,u 7^ implies 
that u < w. Since C is not in the closure of C and w is in the two-sided 

LR 

c corresponding to C, using [L4, Theorem 4.8] and [B, Theorem 4 (b)], 
we see that <Pc',v'^{Cw) — 0. Then acts My2[s,n' , p) by zero. This 
leads to a contradiction. So we have F (g)^ Hq — F (8)_4 H-"^. 

Thus for each w G c, we can find a nonzero a G F such that aC^ is 
in Hq. Clearly, we must have a & A. Now we show that K'^^*^*(Zy) 
is a free C[v, f ~^]-module for any G-stable locally closed subvariety Y 
of M . According to [KL2, 5.3] we may assume that F is a nilpotent 
orbit C. It is enough to show that the completion of "K.^^^* {Zc) at 
any semisimple class in G x C* is free over C[t',v~^]. Using [KL2, 
5.6] it is enough to show that the right hand side of 5.6(a) in [KL2] is 
free. This follows from [KL2, (13)], the assumption there is satisfied by 
[KL2, 4.1]. Using [KL2, 5.3] we know that as free Cfw, f ~"^]-modules 
He C is a direct sum of C and K*^^^ {Zqi^c)- By assumption. 
He ® Q = ® Q, thus He ® Q is a free Q[v, v-^]-module and 

contains C^. These imply that if aC^ G Hq for some nonzero a & A 
then Cyj G H^ ® C. Therefore we can find a nonzero complex number 
a such that aC^ is in H^. Obviously we have a G Z. Thus H-'^ ® Q 
is contained in Hq ® Q. By 2.4 we then have H-" ® Q = He ® Q. 
Theorem 1.5 is proved. 
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3. Some comments 

3.1. If one can show that K^^'^ (Zq) is a free Z- module for any nilpo- 
tent orbit C, then the argument in 2.5 shows that the image of 
in if = K'^^'^* (Z) contains H-'^, where c is the two-sided ceU corre- 
sponding to C. Thus Ginzburg's conjecture would be proved. In fact, 
it seems that one can expect more. More precisely, it is likely the 
following result is true. 

(a) K^""^* (Zc) is a free Amodulc and JCf (^c)=0 for all nilpotent 
orbit C. (We refer to [CG, section 5.2] and [Q] for the definition of the 
functor K^.) 

If (a) is true, then we also have 

(b) The map fe)* : K^""^' (Zc) K^""^* (Z) is injective. 

We explain some evidences for (a) and prove it for G = GLniC), 
Sp4{C) and type G2. Let A'" be a nilpotent element in C and Bn be 
the variety of Borel subalgebras of Q containing A^. By the Jacobson- 
Morozov theorem, there exists a homomorphism (p : SL2{C) — > G 

such that dip ^ ^ = N. For z in C*, let = z~^' 

lowing Kazhdan and Lusztig [KL2, 2.4], we define Qn = {{g,z) € 
G X C* I ad(5f)A^ = z'^N}. Then Qn is a closed. Let x = {g,z) e Qn 
act on {G x C*) x Bn x Bn by x{y,b,b') = {yx~^,ad{g)b,ad{g)b'). 
Then Zc is isomorphic to the quotient space Qn\{{G x C*) x Bn x Bn)- 
Thus we have Kf''^*{Zc) = K^^'IBn x Bn) (see [KL2, 5.5] and [Thl, 
Prop. 6.2]). It is known that Q^ = {{g,z) e G x G* \ gp{x)g~^ = 
p{dzxd~^) for all x e 5'L2(C)} is a maximal reductive subgroup oi Qn 
(sec [KL2, 2.4 (d)]). So we have K^^iBN x Bn) = K^^iBN x Bn) (see 
[CG, 5.2.18]). 

Let P be the parabolic subgroup of G associated to N (see [DLP, 
1.12]). Then we know that the intersection Bn,^ of Bjv with any P-orbit 

on B is smooth. The torus T> — {(p{dz) \ z G C*} is a subgroup of P 
and acts on Bn,^, and BN,£f is a vector bundle over the P-fixed point 
set B^ ^ (see [DLP, 3.4 (d)]). Since the action of Q^ on Bn,^ commutes 
with the action oiT>, according to [BB], this vector bundle is isomorphic 
to a Q ^-stable subbundle of T{Bn,&)\b'^ where T^Bn,^) is the tangent 
bundle of Bn,&- Thus the vector bundle is Qc^-equivariant, so that 
the computation of Kf'^(BN x Bn) is reduced to the computation of 
Kf'^{B^ff X B"^ ffi) for various P-orbits ^, ^' on B (see Theorems 
2.7 and 4.1 in [Thl], or Theorems 5.4.17 and 5.2.14 in [CG]). Note 
that C<^ = {gp{d~^) \{g,z) G Q^} is a maximal reductive subgroup 
of the centralizer Gg{N) of (see [BV, 2.4]) and the map {g,z) 
{gp{d~^),z) define an isomorphism from Q^, to x C*. Thus we 
have K^^iB'^^^ x B^^^,) = xf^''^*(B^_^ x B^_^,)- Now the factor 
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C* and the group T) act on B^j ^ x B^j ^, trivially, we therefore have 

X B-^^^,) = Kf-{Bl^ X Bl^,) ® Rc. (see [CG, (5.2.4)], 
the argument there works for higher i^-groups). Note that we have 
identified Rc* with A — v~^]. Thus the statement (a) is equivalent 
to the following one. 

(c) Kf'^{B^jy X B'^yj,) is a free Z-module for ^ = and is for i = 1. 

The statement (c) seems much easier to access. The variety B^ ^ 
and its fixed point set B'^^g by any semisimplc clement s in are 
smooth and have good homology properties. Sec[DLP]. 

Proposition 3.2. The statement (a) is true for G'L„(C), S'p4(C) and 
type G^- In particular, Ginzburg's conjecture is true in these cases. 

Proof. We only need to prove statement (c). For G — GLn{€), 
we know that g has an a-partition into subsets which arc affine 
space bundles over the flag variety B' of C^p (sec Theorem 2.2 and 2.4 
(a) in [X2]). In this case, (a) is true since we are reduced to compute 
^(B' xB') (cf. [CG, Lemma 5.5.1] and the argument for [L6, Lemma 
1.6]). For G — Sp4{C) or type G2, we know that B^ ^ is either empty 
or the flag variety of Gp if N is not subregular (see Prop. 4.2 (i) 
and section 4.4 in [X2]. In this case, we are also reduced to compute 
Kj^ ^{B' X B') (loc.cit), so (a) is true. If is subregular, then Bn is a 
Dynkin curve and it is easy to see that B^^^ is either a projective line or 
a finite set (see Prop. 4.2 (ii) and section 4.4 in [X2] for a computable 
description of B^). The computation for '^{B^ ^ x B^^/) is easy, it 
is a free Z-module for i = 0, see 4.3 (b) and 4.4 in [X2], and is for 
i = 1 (since this is true for projective line and a finite set). Then we 
have the same conclusion for Kf"^ {B^ x Bjq) {loc.cit). The proposition 
is proved. 

Remark: For GL„(C), this proposition also provide an another proof 
for the main result of [TX], where results in [Tl] arc used. 

Proposition 3.3. Assume that G^ is connected. Then 

(a) K^'<={Bm X Bm) is a free Z-module. 

(b) K^^{Bn X Bn) is a free ^module. That is, K^''^*{Zg.n) is a free 
^-module. 

Proof. Let T be a maximal torus. According to [Th2, (1.11)], we 
have split monomorphism K'-^'^^Bn x Bn) —>■ K'^{Bn x Bn)- Similar 
to the argument for [L6, Lemma 1.13 (d)], we see that K'^{Bn x Bn) 
is a free i^T-module. (a) follows. 

The reasoning for (b) is similar since is isomorphic to G^p x G* 
and the monomorphism K^'^{Bn x Bn) K'^^^* {Bn x Bn) is split. 
The proposition is proved. 
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Remark: If G = GL„(C), then all are connected and have simply 
connected derived group. In this case K'^'^{Bn x Bn) is a free Rq^- 
module since i?Q^ = Rc^ ® A and Rtxc* is a free Rc^ ® ^-module. 
Combining this, subsection 2.4 and the argument in subsection 2.5 we 
obtain a different proof for the main result in [TX]. 

3.4. The i^-groups K^{Bn) and K^{Bn x Bn) are important in rep- 
resentation theory of affine Hecke algebras for F being Q^, C^p or a 
torus of (see [KL2, L6]). For the nilpotent element iV, in [L4, 10.5] 
Lusztig conjectures there exists a finite C<^-set Y which plays a key 
role in understanding the based ring of the two-sided cell correspond- 
ing to G.N. It seems that as -Rc^ -modules K'^'^iY) and K^•^'{Y x Y) 
are isomorphic to K'^''^{Bn) and K'-^'^{Bn x Bn) respectively. Let 
X = Bn or Bn x Bn- In view of [L4, 10.5] one may hope to find a 
canonical Z-basis of K'-'f{X) and a canonical ^-basis of K^'^[X) in 
the spirit of [L5, L6]. Moreover, there should exist a natural bijection 
between the elements of the canonical basis of K^{Bn x Bn) {F = 
or Q^) and the elements of the two-sided cell corresponding to G.N. 

Acknowledgement: I thank Professor G. Lusztig for very helpful 
correspondences and for telling me the argument for the freeness of 
j^Gxc ^^^^ Q^gj, C[v,v~^]. I am grateful to Professor T. Tanisaki for 
a helpful correspondence and to Professor Jianzhong Pan for a helpful 
conversation. 
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